Abstract. In this work we obtain a new criterion to establish ergodicity and non-uniform hyperbolicity of smooth measures of diffeomorphisms. This method allows us to give a more accurate description of certain ergodic components. The use of this criterion in combination with topological devices such as blenders lets us obtain global ergodicity and abundance of non-zero Lyapunov exponents in some contexts.
Introduction
Our work is concerned with the ergodic properties of smooth invariant measures for diffeomorphisms under some hypotheses about their Lyapunov exponents.
Among the few techniques that are used to establish ergodicity of a smooth measure, we can mention the Hopf argument, which we shall discuss in sections §1.1 and §4, harmonic analysis (see for instance [24] , [26] ), and case by case studies, such as in the Anosov-Katok examples [2] . Along the line of the Hopf argument, there is the local ergodicity criterion, which consists in showing that there is an open set contained (mod 0) in an ergodic component. Here we present criteria which can be seen as complementary to local ergodicity.
1.1. Ergodic homoclinic classes. E. Hopf proved that the geodesic flow of a surface of negative curvature is ergodic by showing that any measurable set that is invariant under the geodesic flow is also invariant by the stable and unstable distributions of the flow [22] . This technique, later known as the Hopf argument, was also used by D. Anosov [1] , D. Anosov and Ya. Sinai [3] to prove ergodicity of Anosov systems. It was further used by Ya. Pesin [27] in the context of nonzero Lyapunov exponents, to prove that a hyperbolic measure has only countably many ergodic components (see Theorem 1.2 below). The Hopf argument has since then become a standard argument to prove ergodicity.
Here we present a refinement of the Hopf argument which provides a more accurate description of some ergodic components of a smooth invariant measure. Indeed, we introduce the concept of ergodic homoclinic classes associated to a hyperbolic point (see below). Under mild hypotheses, these sets turn out to be hyperbolic ergodic components. Moreover, in the context of Pesin's Ergodic Component Theorem (Theorem 1.2), these ergodic homoclinic classes depict all ergodic components and increase the resemblance between Pesin's Theorem and Smale's Spectral Decomposition Theorem (see below).
However, our new criterion, opposite to Pesin's Theorem, does not require absence of zero Lyapunov exponents a priori, but only requires that certain sets associated to a hyperbolic periodic point be of positive measure. Ergodicity and non-uniform hyperbolicity will follow as a consequence.
Let f : M → M be a C 1+α diffeomorphism of a closed Riemannian manifold M . Given a hyperbolic periodic point p, let us define the ergodic homoclinic class of p, Λ(p), as the set of regular points x ∈ M such that Now note that we can write an ergodic homoclinic class as the intersection of two invariant sets:
where Λ u (p) is the set of regular x satisfying relation (1.1), and Λ s (p) is the set of regular x satisfying relation (1.2). Λ s (p) is s-saturated, and Λ u (p) is u-saturated. We prove the following result:
Theorem A. Let f : M → M be a C 1+α diffeomorphism over a Riemannian manifold M , and let m be a smooth invariant measure over M . If m(Λ s (p)) > 0 and m(Λ u (p)) > 0 for some hyperbolic periodic point, then
and f is ergodic on Λ(p). Moreover, f is non-uniformly hyperbolic on Λ(p).
This improves the former description of ergodic components, and completes the parallelism between Smale's Spectral Decomposition Theorem and Pesin's Ergodic Component Theorem. Indeed, let us recall that Theorem 1.1 (Smale [36] ). Let f : M → M be a diffeomorphism such that Per(f ) is hyperbolic. Then:
(1) there are disjoint compact invariant sets Λ i such that f | Λ i is transitive and
Per(f ) = Λ 1 ∪ · · · ∪ Λ n .
(2) Each Λ i decomposes as k i compact disjoint sets permuted by f , on each of which f k i is topologically mixing and semi-conjugated to a sub-shift of finite type. (3) There exist hyperbolic periodic points p i such that Λ i = H(p i ), where H(p i )
is the homoclinic class of p i .
The sets Λ i in the theorem above are called basic sets, and are the closure of homoclinic classes of periodic points. The homoclinic class of a periodic point p is the set of periodic points that are homoclinically related to p, that is, the set of periodic points x that satisfy relations (1.1) and (1.2 [27] ). Let f : M → M be a C 1+α diffeomorphism and m a smooth measure that is hyperbolic over an invariant set V . Then:
(1)
(2) Each Λ i decomposes as k i disjoint sets permuted by f , on each of which f k i is mixing and isomorphic to a sub-shift of finite type (Bernoulli). (3) There exist hyperbolic periodic points p i such that
In fact, item (3) is a consequence of the following: the Closing Lemma of A. Katok [23] provides "visible" ergodic components with hyperbolic periodic points. Our criterion (Theorem A) then implies that these ergodic components coincide with ergodic homoclinic classes.
Let us note that A. Tahzibi already used hyperbolic periodic points to prove ergodicity [37] . However, in his work, he required absence of zero Lyapunov exponents.
Finally, one could ask if the hypotheses of Theorem A are sharp, that is: could we obtain ergodicity by simply asking, for instance, that m(Λ s (p)) > 0? The answer is negative: in §4.3 we present an example of a non-ergodic diffeomorphism with m(Λ s (p)) = 1 and m(Λ u (p)) = 0.
1.2.
A conjecture of C. Pugh and M. Shub concerning stable ergodicity. A C 1+α volume preserving diffeomorphism f is stably ergodic if there exists a C 1 neighborhood U of f such that all C 1+α volume preserving diffeomorphisms in U are ergodic.
Until 1994, the only known examples of stably ergodic diffeomorphisms were Anosov diffeomorphisms. Indeed, the ergodic theory of uniformly hyperbolic diffeomorphisms has been extensively studied, beginning with the works of D. Anosov, Ya. Sinai, D. Ruelle and R. Bowen.
In 1994, M. Grayson, C. Pugh and M. Shub gave the first example of a nonhyperbolic diffeomorphism that is stably ergodic with respect to a smooth measure [21] . Their example belongs to a broad class of dynamics which is called partially hyperbolic. A diffeomorphism f : M → M is partially hyperbolic if T M splits into three invariant bundles: one that is contracting, one that is expanding, and a third one, the center bundle, which has an intermediate behavior (see Section 3 for a precise definition). For instance, the time-one map of the geodesic flow on the unit bundle of a compact manifold with negative sectional curvature is partially hyperbolic.
In 1995, C. Pugh and M. Shub posed the following: [29, 30] ). Stable ergodicity is C r -dense among partially hyperbolic diffeomorphisms.
In the last years, many advances have been made in the direction of this conjecture, a survey of which can be found in [33] . In particular, we want to mention the very recent works: by K. Burns and A. Wilkinson [19] proving that (essential) accessibility plus a bunching condition implies ergodicity, and by F. Rodriguez Hertz, M. Rodriguez Hertz, and R. Ures [32] obtaining that stable ergodicity is C ∞ -dense among partially hyperbolic diffeomorphisms with one-dimensional center bundle.
Many of the arguments of [19] and [32] seem to be hard to generalize. Apparently, proving the Pugh-Shub Conjecture for center bundle of any dimension will require dramatically new techniques. Indeed, some center bunching condition seems to be needed to obtain that the holonomies of the strong foliations when restricted to center manifolds are Lipschitz. This fact is used in an essential way, for instance, in [19] . Also, one-dimensionality of the center bundle has been crucial in the arguments of [32] .
In this paper we try a different approach that allows us to prove the C 1 -denseness of stable ergodidicity among partially hyperbolic diffeomorphisms with two-dimensional center bundle:
Theorem B (Pugh-Shub Conjecture). Stable ergodicity is C 1 -dense among partially hyperbolic diffeomorphisms with 2-dimensional center bundle.
Moreover, given any C r volume preserving diffeomorphism it is possible to make a C 1 -perturbation in order to find a C r diffeomorphism which is stably ergodic. We stress that C 1+α regularity condition for the systems under consideration is important for the existence of stable manifolds or the absolute continuity of the stable lamination [27, 28] . Let us mention that recently, A. Avila, J. Bochi and A. Wilkinson have proved the C 1 -density of ergodic diffeomorphisms among symplectic ones [7] . It is still an open question if stable ergodicity is dense among partially hyperbolic symplectic diffeomorphisms.
Theorem B implies that ergodicity is C 1 -generic among partially hyperbolic maps with two-dimensional center bundle. This is due to an outstanding result of A. Avila, proving the C 1 -denseness of smooth diffeomorphisms among C 1 -volume preserving diffeomorphisms [6] .
In the proof of Theorem B, the Lyapunov exponents in the center directions play a significant role (see next section). An antecedent result taking advantage of the interplay between partial hyperbolicity and non-zero Lyapunov exponents is the work of K. Burns, D. Dolgopyat and Ya. Pesin [18] : they prove that if a partially hyperbolic f is accessible and the center Lyapunov exponents have the same sign on a positive measure set then f is stably ergodic (See Theorem 2.1). The question that naturally arises is: what happens when the exponents are not zero but the signs of central Lyapunov exponents are different? In this paper we use our criterion in order to prove the ergodicity of diffeomorphisms in the case of mixed sign center Lyapunov exponents. The criterion is used in combination with the blenders introduced by C. Bonatti and L. Diaz in a very different context [13] , in order to create one single ergodic component which is in some sense robust. This produces stable ergodicity.
In next section, we give a sketch of the proof of Theorem B. Section 3 introduces some preliminary concepts and results. Section 4 is devoted to proving Theorem A. It has an introductory part explaining the proof. In Section 4.3, an example is presented, showing that m(Λ s (p)) > 0 is not enough to guarantee that Λ s (p) is an ergodic component. In Section 5 we prove Theorem B. Its proof is split into two theorems: Proposition 5.1 is proved in Section 5.1, and Theorem C is proved in Section 5.2.
Sketch of the proof of the Pugh-Shub conjecture
In this section we sketch the proof of Theorem B, the concepts that appear in italics are defined and explained in Subsections §3.3 and §3. 4 .
Let f be a C 1+α partially hyperbolic diffeomorphism with two-dimensional center bundle, preserving a smooth measure m. We want to show that f can be C 1 -approximated by a stably ergodic diffeomorphism. First of all, let us note that f can be C 1 -approximated by a stably accessible diffeomorphism, due to a result by D. Dolgopyat and A. Wilkinson [20] . So, we may assume that f is stably accessible. As a consequence, every invariant set with positive measure is, in fact, dense.
The proof is split into cases, according to the signs of the center Lyapunov exponents, λ + and λ − . The following remarkable theorem rules out two important cases:
Theorem 2.1 (K. Burns, D. Dolgopyat, Ya. Pesin [18] ). Let f be a C 1+α partially hyperbolic diffeomorphism preserving a smooth measure m. Assume that f is accessible and has negative center Lyapunov exponents on a set of positive measure. Then f is stably ergodic.
In the case that f is not in the hypotheses of Theorem 2.1 (center Lyapunov exponents are both positive or both negative), then by a combination of the results of A. Baraviera and C. Bonatti [8] , and J. Bochi and M. Viana [11] , we can make a C 1 perturbation to obtain the following: (a) the center bundle has a dominated splitting E c = E + ⊕ E − , and (b) the sets C + where λ + (x) > 0, and
The domination of the center splitting then implies that λ + (x) > 0, hence x ∈ C + . The main novelty here is the use of blenders in order to show that C + ⊂ Λ u (p 1 ) and C − ⊂ Λ s (p 1 ) for some periodic point p 1 , for all diffeomorphisms in a neighborhood of the perturbation of f . Theorem A then applies and proves that this perturbation is stably ergodic. Now, we can assume that neither E + nor E − in the dominated splitting above are hyperbolic. Otherwise, we could consider f as a partially hyperbolic diffeomorphism with one-dimensional center bundle. In this case, f is known to be approximated by stably ergodic diffeomorphisms [19, 32] .
Using the Ergodic Closing Lemma for the conservative setting [4] and the Conservative Franks' Lemma, we obtain a C 1 -perturbation with three hyperbolic periodic points p 0 , p 1 and p 2 of unstable indices, u, (u + 1) and (u + 2), where u = dim E u . Our goal is to prove that for some perturbation the sets C − and C + are robustly included in Λ(p 1 ).
Using ideas of C. Bonatti and L. Diaz [14] adapted to the conservative setting [31] , we obtain two blenders, Bl cu (p 1 ) and Bl cs (p 1 ), associated to p 1 (see Theorem 3.10). The main property of a cu-blender is that any (u + 1)-strip which is well placed in Bl cu (p 1 ) will transversely intersect W s (p 1 ), and of a cs-blender is that any (s+1)-strip which is well placed in Bl cs (p 1 ) will transversely intersect W u (p 1 ). Moreover, this property of blenders is C 1 -robust. Now, if a point x is in C + , then for some suitable iterate, its unstable Pesin manifold is a (u + 1)-strip which is well placed in Bl cu (p 1 ), so x will belong to
Analogously, one will obtain that C − ⊂ Λ s (p 1 ). The ergodicity criterion introduced in Theorem A now applies, and we obtain that Λ(p)
M , so the diffeomorphism is ergodic. But, as we have mentioned, this intersection property of blenders is C 1 -robust, so this new diffeomorphism is in fact stably ergodic. In this way we have obtained a C 1 -perturbation of f which is stably ergodic.
Let us state this result more precisely:
Theorem C. Let f be a C 1+α partially hyperbolic diffeomorphism preserving a smooth measure, and such that its center bundle is two-dimensional. Assume f satisfies the following properties:
cs (p) and a cu-blender Bl cu (p) associated to a hyperbolic periodic point p of stable index (s + 1).
then f is stably ergodic.
Note that the above theorem, like Theorem 2.1, is not a generic result, but gives precise conditions under which a diffeomorphism is stably ergodic. The scheme of the proof of Theorem B is: either f is in the hypotheses of Theorem 2.1, or else one can make a C 1 -perturbation, so that f is in the hypotheses of Theorem C. In either case, f will be stably ergodic.
To what extent do these arguments apply? So far, with the techniques presented in this work it can be proved a Pugh-Shub Conjecture for some type of center bundles: Stable ergodicity is C 1 -dense among partially hyperbolic diffeomorphisms for which the center bundle admits a dominated splitting E c = E 1 ⊕ E 2 ⊕ E 3 , with dim E 1 = dim E 3 = 1, and E 1 , E 3 are non-hyperbolic. The proof of this result will appear elsewhere.
Preliminaries
3.1. Non-uniform hyperbolicity. Let us review some results about Pesin theory that shall be used in this paper. A good summary of these facts may be found, for instance, in [28] and [25] . For further references, see A. Katok's paper [23] and the book by L. Barreira and Ya. Pesin [10] .
Let f : M → M be a C 1 diffeomorphism of a compact Riemannian manifold of dimension n. Given a vector v ∈ T x M , let the Lyapunov exponent of v be the exponential growth rate of Df along v, that is
in case this amount is well defined. And let E λ (x) be the subspace of T x M consisting of all v such that the Lyapunov exponent of v is λ. Then we have the following:
there is an f -invariant Borel set R of total probability (in the sense that µ(R) = 1 for all invariant probability measures µ), and for each ε > 0 a Borel function
The set R is called the set of regular points. For simplicity, we will assume that all points in R are Lebesgue density points. We also have that Df (x)E λ (x) = E λ (f (x)). If an f -invariant measure µ is ergodic then the Lyapunov exponents and dim E λ (x) are constant µ-a.e.
For fixed ε > 0 and given l > 0, we define the Pesin blocks:
Note that Pesin blocks are not necessarily invariant. However f (R ε,l ) ⊂ R ε,exp(ε)l . Also, for each ε > 0, we have
We loose no generality in assuming that R ε,l are compact. For all x ∈ R we have
where E 0 (x) is the subspace generated by the vectors having zero Lyapunov exponents. Let µ be an invariant measure. When E 0 (x) = {0} for all µ-a.e. x in a set N , then we say that f is non-uniformly hyperbolic on N and that µ is a hyperbolic measure on N . Now, let us assume that f ∈ C 1+α for some α > 0. Given a regular point x, we define its stable Pesin manifold by
The unstable Pesin manifold of x, W u (x) is the stable Pesin manifold of x with respect to f −1 . Stable and unstable Pesin manifolds of points in R are immersed manifolds [27] . We stress that C 1+α regularity is crucial for this to happen. In this way we obtain a partition x → W s (x) , which we call stable partition. Unstable partition is defined analogously. Stable and unstable partitions are invariant.
On the Pesin blocks we have a continuous variation:
where B r (x) denotes the Riemannian ball of center x and radius r > 0, which is sufficiently small but fixed. Then
diffeomorphism preserving a smooth measure m. Then, for each l > 1 and small
In particular, the dimension of the disk W s loc (x) equals the number of negative Lyapunov exponents of x. An analogous statement holds for the unstable Pesin manifold.
3.2. Absolute continuity. An important notion behind the criterion we are going to prove is absolute continuity. Let us state the definitions we will be using. The point of view we follow is similar to that in [25] .
Let ξ be a partition of the manifold M . We shall call ξ a measurable partition if the quotient space M/ξ is separated by a countable number of measurable sets. For instance, the partition of the 2-torus by lines of irrational slope is not measurable, while the partition of [0, 1] by singletons is measurable. The quotient space M/ξ of a Lebesgue space M by a measurable partition ξ is again a Lebesgue space [34] .
Associated to each measurable partition ξ of a Lebesgue space (M, B, m) there is a canonical system of conditional measures m ξ x , which are Lebesgue measures on ξ(x), the element of ξ containing x, and with the property that for each A ∈ B the set A ∩ ξ(x) is measurable in ξ(x) for almost all ξ(x) in M/ξ, and the function x → m ξ x (A ∩ ξ(x)) is measurable, with:
where m T is the quotient measure on M/ξ. For each measurable partition this canonical system of conditional measures is unique (mod 0), i.e. any other system is the same for almost all ξ(x) ∈ M/ξ. Conversely, if there is a canonical system for a partition, then the partition is measurable. In our case, we will be interested in stable and unstable partitions, note that in general these partitions are not measurable.
A measurable partition ξ is subordinate to the unstable partition W u if for ma.e. x we have ξ(x) ⊂ W u (x), and ξ(x) contains a neighborhood of x which is open in the topology of W u (x). Now, take a point x 0 ∈ R, the set of regular points. Assume that x 0 has at least a negative Lyapunov exponent. Take two small disks T and T near x 0 which are transverse to W s (x 0 ). Then we can define the holonomy map with respect to these transversals as a map h defined on a subset of T such that
The domain of h consists of the points x ∈ T ∩ R whose unstable manifold have the same dimension as W s (x 0 ), and which transversely intersect T and T . h is a bijection. Definition 3.4. We say that the unstable partition is absolutely continuous if all holonomy maps are measurable and take Lebesgue zero sets of T into Lebesgue zero sets of T .
Absolute continuity of the stable partition is defined analogously. Theorem 3.5 (Ya. Pesin [27] , C. Pugh, M. Shub [28] ). The stable and unstable partitions are absolutely continuous.
Note that the holonomy maps are continuous when restricted to the Pesin blocks R ε,l . Also, Theorem 3.5 implies there are measurable partitions subordinate to W s and W u for which a Fubini-like property like (3.4) applies.
3.3. Partial hyperbolicity and dominated splitting. Let M be a compact Riemannian manifold. A diffeomorphism f : M → M is partially hyperbolic on an f -invariant set Λ if it admits a non-trivial Df -invariant splitting of the tangent bundle
for some suitable Riemannian metric. We require that both E s and E u be non trivial. We also require that Df | E s < 1 and
We say that f is partially hyperbolic if Λ = M . If E c is the trivial bundle on Λ, we say that Λ is a hyperbolic set. If Λ is hyperbolic and f is transitive on Λ, we call dim E s the stable index of Λ, and dim E u the unstable index of Λ. It is a known fact that there are foliations W ss and W uu tangent to the distributions E s and E u respectively (see for instance [17] ). A set X will be called s-saturated if it is a union of leaves of W ss . u-saturated sets are defined analogously. The accessibility class of the point x ∈ M is the minimal set containing x such that it is both s-and u-saturated. The diffeomorphism f has the accessibility property if the accessibility class of some x is M . It has the essential accessibility property if every measurable set which is both s-saturated and u-saturated has null or full measure. Obviously, accessibility property implies essential accessibility property.
A diffeomorphism f is stably accessible if there is a C 1 -neighborhood of f composed by accessible diffeomorphisms. [20] ). Stable accessibility is C 1 -dense among partially hyperbolic diffeomorphisms.
Accessibility has the following interesting consequence:
Theorem 3.7 (K. Burns, D. Dolgopyat, Ya. Pesin [18] ). Let f be a partially hyperbolic diffeomorphism preserving a smooth measure, such that f has the accessibility property. Then for each ε > 0 there is a C 1 -neighborhood U such that for all g in U, a.e. orbit is ε-dense. This means, for each ε-ball B a.e. orbit enters the B.
Remark 3.8. If f has the essential accessibility property, then almost every orbit is dense [18] . In fact, if for m-almost every point its accessibility class is ε-dense, then m-almost every orbit is ε-dense. See also [33] .
Remark 3.9. If f has the accessibility property, then for every ε > 0 there exists a C 1 -neighborhood U of f such that if g ∈ U, then all accessibility classes of g are ε-dense.
The leaf of W σ containing x will be called W σ (x), for σ = ss, uu. The connected component containing x of the intersection of W ss (x) with a small ε-ball centered at x is the ε-local stable manifold of x, and is denoted by W ss ε (x). W uu ε (x) is defined analogously.
Here is another way to relax the hyperbolicity condition: Let f : M → M be a diffeomorphism, and K be an f -invariant set. Let E and F be two Df -invariant bundles over K. We say that E ⊕ F is a k-dominated splitting over K if all unit vectors u ∈ E x and v ∈ F x with x ∈ K satisfy:
We say that E ⊕ F is a dominated splitting if there is k > 0 such that E ⊕ F is a k-dominated splitting. We also say that F dominates E.
Blenders.
A blender is an open set associated to a hyperbolic periodic point with some C 1 -persistent properties, that was introduced by C. Bonatti and L. Díaz to obtain new examples of robustly transitive diffeomorphisms [13] .
Roughly 
if it is almost tangent to E c ⊕ E u . Naturally, it makes sense to talk about robustness of these properties and concepts, since there is an analytic continuation of the periodic point p and of the bundles E s , E c and E u . We can define cs-blenders in a similar way. For cs-blenders we will consider a partially hyperbolic point such that E c is onedimensional and contracting. This is the definition we will be using in this work, see Definition 3.2 and Remark 3.5 of [31] . In [16] , Chapter 6.2, there is a complete presentation on the subject and the different ways of defining blenders.
In Theorem 1.1. of [31] , we prove that C r conservative diffeomorphisms admitting blenders can be found arbitrarily near conservative diffeomorphisms with two hyperbolic periodic points whose unstable indices differ by one: Theorem 3.10 (F. Rodriguez Hertz, M. Rodriguez Hertz, A. Tahzibi, R. Ures [31] 
A criterion for ergodicity
In this section, we present a general criterion to establish ergodicity and hyperbolicity of a smooth measure on a set associated to a hyperbolic periodic point. Indeed, if p is a hyperbolic periodic point, let Λ s (p) be the set of stable Pesin manifolds which transversely intersect W u (p), and Λ u (p) the set of unstable Pesin manifolds which transversely intersect W s (p). We show that if these two sets have positive measure, then they coincide modulo zero, and form a hyperbolic ergodic component Λ(p) of the measure. No partial hyperbolicity is required along this section.
The proof of this criterion follows the line of the Hopf argument, and it is split up into two parts. First, it is proved that if Λ(p) has positive measure, then it is a hyperbolic ergodic component of the measure (A.2). A more delicate proof is required to show that if Λ s (p) and Λ u (p) have positive measure then they coincide modulo a zero set (A.1).
We prove (A.2) by showing that all continuous functions ϕ : M → R have almost constant forward Birkhoff limit ϕ + on Λ(p). To do this, we consider two typical points x and y in Λ(p) and try to see that ϕ + (x) = ϕ + (y). Observe that ϕ + is constant on stable Pesin leaves, due to continuity of ϕ. Since x, y are typical, m u x -a.e. point in W u (x) takes the value ϕ + (x), and m u y -a.e. point in W u (y) takes the value ϕ + (y). We may consider iterates of x and y so large that they are very close to W u (p). We will therefore find two disks D x and D y , one contained in W u (f k (x)) and the other contained in W u (f m (y)), such that they are very close. The stable holonomy takes positive measure sets on D x into positive measure sets in D y . In particular it takes the set of points in D x for which the value is ϕ + (x) into a set of positive measure in D y . The fact that ϕ + is constant along stable Pesin leaves, together with the fact that m u y -a.e. point in D y has the value ϕ + (y) prove that ϕ + (x) = ϕ + (y). The proof of (A.1), requires more delicate steps. Indeed, we want to prove that a typical point x in Λ u (p) is contained in Λ s (p). In order to do that, we take a typical point y in Λ s (p Let f be a C 1+α volume preserving diffeomorphism. Given a hyperbolic pe-
) be the unstable manifold of the orbit of p, we analogously define the stable manifold of o(p).
Given a hyperbolic periodic point p, we define the following sets:
where means that the intersection is transversal. Λ s (p), is f -invariant and ssaturated. This means that if
. An analogous statement holds for Λ u (p). See Figure 3 .
We define the ergodic homoclinic class by
The main result in this section is the following 
Observe that, a priori, there could be points in Λ s (p) or Λ u (p) having zero exponents, though a fortiori it will be not the case. We shall use this fact in the proof of Theorem B (Pugh-Shub Conjecture for 2-dimensional center bundle). Observe also that we do not require that dim W s (x) = dim W s (p) and dim W u (x) = dim W u (p), as it is seen in Figure 3 although this will happen for m−a.e. x ∈ Λ(p).
Theorem A has as a corollary: 
Proof of (A.2). For any given function
By Birkhoff Ergodic Theorem, the limit (4.1) exists and ϕ
Lemma 4.2 (Typical points for continuous functions).
There exists an invariant set T 0 of typical points with m(
Proof. Let us consider the full measure set:
For almost all x ∈ S 0 , we have that m 
which is an absurd. As we have seen, the following is a full measure set:
. But almost every x ∈ S 1 satisfies ϕ + (x) = ϕ + (ξ x ). Otherwise, we would obtain a positive measure set C ⊂ S 1 such that m Assume for simplicity that p is a fixed point. Given a continuous function ϕ : M → R, let T 0 be the set of typical points obtained in Lemma 4.2 and R be the set of regular points. We will see that ϕ + is constant on Λ(p) ∩ T 0 ∩ R, and hence almost everywhere constant on Λ(p). This will prove that f is ergodic on Λ(p). Hyperbolicity of the measure follows trivially.
For any ε > 0 and l > 1 such that m(Λ(p) ∩ R ε,l ) > 0, let us call Λ = Λ(p) ∩ R ε,l ∩ T 0 . Without loss of generality, we may assume that all points in Λ are Lebesgue density points of Λ, and return infinitely many times to Λ in the future and the past. Note that there exists δ > 0 such that for all x ∈ Λ, W s loc (x) contains an s-disc of radius δ centered at x. Take x, y ∈ Λ, and consider n > 0 such that
. As a consequence of the λ-lemma, there exists k > 0 such that Since y n is a typical point for ϕ, for m u yn -a.e. w in W u (y n ) we have ϕ + (w) = ϕ + (y n ). Also we have ϕ + (z) = ϕ + (x k ). Since y n is a Lebesgue density point of Λ, applying Fubini's theorem we get a point ξ near y n such that the stable holonomy between W u (x k ), see Figure 4 . Now, ϕ + is constant along stable Pesin manifolds. And due to absolute continuity, stable holonomy takes the set of points w in W u loc (y n ) for which ϕ + (w) = ϕ + (y n ) into a set of positive measure in W u loc (z) for which the value of ϕ + will be ϕ + (y n ). The fact that x k is a typical point of ϕ then implies that
4.2.
Proof of (A.1). In order to prove (A.1), we shall need a refinement of Lemma 4.2:
Proof. Given ϕ ∈ L 1 take a sequence of continuous functions ϕ n converging to ϕ in L 1 . Now, ϕ + n converges in L 1 to ϕ + , so there exists a subsequence ϕ + n k converging a.e. to ϕ + . Call S this set of a.e. convergence. Then the set T is the intersection of the set T 0 obtained in Lemma 4.2 with S.
Let us give now the proof of (A.1).
Proof of (A.1). To simplify ideas, let us suppose that p is a hyperbolic fixed point. Let T be the set of typical points for the characteristic function 1 Λ s (p) of the set Λ s (p). Take x ∈ Λ u (p)∩T such that all iterates of x are Lebesgue density points of Λ u (p) and x returns infinitely many times to Λ u (p). We shall see that x ∈ Λ s (p).
This will prove Λ u (p)
The converse inclusion follows analogously. Let ε > 0, l > 1 be such that m(Λ s (p) ∩ R ε,l ) > 0, and let δ > 0 be such that for all z ∈ Λ s (p) ∩ R ε,l , the set W s loc (z) contains an s-disc of radius δ > 0 centered at z. Consider a Lebesgue density point
As a consequence of the λ-lemma, there exists k > 0 such that Figure 5 .
By Fubini's theorem we have: 
We have that a m
Since x k is a typical point, this implies that x k and hence x are in Λ s (p).
. The converse inclusion follows in an analogous way.
Remark 4.4. As an immediate consequence of the λ-lemma, we have that if [9] , where the authors obtain a non-uniformly hyperbolic diffeomorphism of T 3 with infinitely many ergodic components. Let us show how this is obtained:
Consider first a diffeomorphisms f × id :
is an Anosov diffeomorphism with two fixed points p and q, and id : S 1 → S 1 is the identity map on the circle.
We will perform three small perturbations in order to obtain a diffeomorphism g :
(1) the tori T 2 × {0} and
}, are g-invariant and the restriction of g to any of them is Anosov; (2) the center Lyapunov exponent is greater than 0 almost everywhere; (3) g has two ergodic components:
) and
, 1); (4) (p, 1 2 ) is a hyperbolic fixed point for g with stable dimension two. The diffeomorphism g is clearly non-ergodic. Since the center Lyapunov exponent is positive almost everywhere, we have m(Λ s (p)) = 0. We also have m(Λ u (p)) = 1.
Indeed, since g is partially hyperbolic, all unstable manifolds grow exponentially fast. Now, almost every orbit is dense in its ergodic component, so for almost
Let us describe the perturbations we need to do in order to obtain g. We begin by taking a perturbation f 1 of f as in the work of M. Shub and A. Wilkinson (see [35] and Appendix B of [9] ):
Choose f 1 = f • j, where the support of j is contained in two small open sets
, 1). Take U 1 and U 2 so that they do not intersect a small neighborhood of the circles {p} × S 1 and {q} × S 1 . The effect of this perturbation is that
log ||Df 1 | E c ||dm > 0 and
We will now perturb f 1 in a small neighborhood of {p} × S 1 to obtain a diffeomorphism f 2 . We want the dynamics of f 2 in {p} × S 1 to be Morse-Smale with only two fixed points (p, 0) and (p, 1 2 ). We want the resulting f 2 to be volume preserving. In order to obtain this we will define, as in Appendix B of [9] , a divergence free vector field X supported in a small neighborhood of {p} × S 1 . Call x, y the coordinates of T 2 in a neighborhood of p and z the coordinate in S 1 . The divergence free vector field we take is:
where ψ : R → R is an even bump function such that ψ ≡ 1 on a small interval (−ε, ε), ψ (t) ≡ 0 for |t| > ε 0 with ε < ε 0 , and ψ(0) = ψ(ε 0 ) = 0.
We obtain f 2 by composing f 1 with the time t map of the flow generated by X for very small positive t. Observe that, since the vector field is tangent to T 2 × {0} and
}, these tori remain invariant by f 2 . Finally, call Γ(f 2 ) the union of all non-open accessibility classes contained in T 2 × [0, 1 2 ]. By [32] this set is a codimension-one lamination tangent to E s ⊕ E u , such that each lamina is an accessibility class. There is a natural projection from Γ(f 2 ) to T 2 × {0} along the center leaves. This projection is a covering projection when restricted to a single lamina. Then the laminae are planes, cylinders or tori. In [32] it is proved that the laminae for which there is an open arc in the complement of Γ(f 2 ) with one endpoint in Γ(f 2 ) are periodic, and the set of periodic points is dense in each lamina (even with the intrinsic topology induced by the metric of the ambient manifold). Since the dynamics of f 2 restricted to each lamina is Anosov, and planes and cylinders do not support such dynamics, then these leaves are tori. Now, we cannot have invariant tori different from
}, because they would intersect {p} × S 1 . So, we have a dichotomy:
]. In the first case we are done because this would imply that T 2 × (0, 1 2 ) is an accessibility class and, moreover, an ergodic component. In the second case, we can use the Unweaving Lemma (Lemma A.4.3 of [32] ) to obtain an open accessibility class perturbing f 2 in an arbitrary small neighborhood of any fixed point of {q}×(0, 1 2 ). In this way we obtain a new diffeomorphism f 3 . Since the above mentioned dichotomy remains valid and there is an open accessibility class we obtain that Γ(
}. The desired diffeomorphism g is f 2 in case Γ(f 2 ) verifies the first equality of the dichotomy, or f 3 in the other case. Finally, observe that since T 2 × (0, 1 2 ) is an ergodic component and our perturbations have been small enough to have that
log ||Dg| E c ||dm > 0, the center Lyapunov exponent is positive almost everywhere.
Proof of theorem B
Let f be a C 1+α partially hyperbolic diffeomorphism with two-dimensional center bundle, preserving a smooth measure m. We want to show that f can be C 1 -approximated by stably ergodic diffeomorphisms. As we stated in Section 2, we shall prove the following:
Proposition 5.1. Let f be a C 1+α partially hyperbolic diffeomorphisms with twodimensional center bundle, preserving a smooth measure m. Then either:
(1) f can be C 1 -approximated by stably ergodic diffeomorphisms, or (2) f can be C 1 -approximated by diffeomorphisms satisfying the hypotheses of Theorem C.
The Conjecture of C. Pugh and M. Shub will follow by proving:
Theorem C. Let g be a C 1+α partially hyperbolic diffeomorphism preserving a smooth measure, and such that its center bundle is two-dimensional. Assume f satisfies the following properties:
(1) g is accessible, (2) E c = E − ⊕ E + admits a nontrivial dominated splitting (3) M λ − dm < 0 and M λ + dm > 0, (4) g admits a cs-blender Bl cs (p) and a cu-blender Bl cu (p) associated to a hyperbolic periodic point of stable index (s + 1). then g is stably ergodic.
We devote Section §5.1 to proving Proposition 5.1 and Section §5.2 to proving Theorem C.
5.1. Proof of Proposition 5.1. Let us show that either f is already known to be C 1 -approximated by stably ergodic diffeomorphisms or else f is C 1 -approximated by diffeomorphisms in the hypotheses of Theorem C.
The following theorem implies that f is [20] ). Stable accessibility is C 1 -dense among partially hyperbolic diffeomorphisms, volume preserving or not.
So, we may consider from now on a volume preserving C 1+α partially hyperbolic diffeomorphism f 1 that is stably accessible and is C 1 close to f .
Let us assume that f 1 does not admit a non-trivial dominated splitting of its center bundle. Call, for all g C 1 -near
the central Lyapunov exponents of x with respect to g, and recall that
Observe that this amount depends continuously on g, due to continuity of E c x with respect to g. We lose no generality in assuming that:
We use the following Theorem 5.3 (A. Baraviera, C. Bonatti [8] ). Let f be a C 1 partially hyperbolic diffeomorphism, then there are arbitrarily small
to obtain a C 1+α partially hyperbolic diffeomorphism g preserving m, C 1 close to f 1 such that
Assume g does not admit a non-trivial dominated splitting E c = E − ⊕ E + , otherwise we would have obtained a diffeomorphism satisfying (C.1) and (C.2). Let D(g, k) be the set of points x such that there is a nontrivial k-dominated splitting of E c along the orbit of x. And denote
, the set of points such that there is a non-trivial dominated splitting along their orbits.
Recall that the hypothesis of accessibility implies that the orbit of almost every point is dense [18] . Hence, m(D(g, k)) = 0 for every k > 0, otherwise D(g, k) would contain a dense orbit and, since it is a closed invariant set it would be M , g would then admit a dominated splitting for E c . We obviously have m(D(g)) = 0, so by Proposition 4.17 of [11] , we can conclude that for each δ > 0 there is a C 1+α conservative diffeomorphism h arbitrarily C 1 -close to g such that 
Recall that h has the accessibility property. Theorem 2.1 then implies that h is stably ergodic.
We have found a C 1+α conservative partially diffeomorphism f 2 , C 1 close to f , satisfying (C.1) and (C.2). Moreover, f 2 is stably accessible. Note that
dm(x) > 0. Theorem 2.1 applies, and we obtain that g is stably ergodic.
So far, we have found a C 1+α diffeomorphism f 3 that is C 1 close to f such that either f 3 is C 1 -approximated by stably ergodic diffeomorphisms or f 3 is in a neighborhood of diffeomorphisms satisfying (C.1), (C.2) and (C.3). We want to find a C 1 -perturbation h ∈ C 1+α of f 3 , preserving m and admitting a cs-blender Bl cs (p) and a cu-blender Bl cu (p) associated to a hyperbolic periodic point p of stable index (s + 1). Let us begin by proving:
Lemma 5.4. Let f 3 be a C 1+α partially hyperbolic diffeomorphisms satisfying hypotheses (C.1), (C.2) and (C.3). Let us further assume that f 3 is stably accessible. Then, either
(1) f 3 is C 1 -approximated by a stably ergodic diffeomorphism, or (2) f 3 is C 1 -approximated by g ∈ C 1+α preserving m and having three hyperbolic periodic points with unstable indices u, (u + 1) and (u + 2), respectively, where u = dim E u .
Proof. Let E c = E − ⊕ E + be the dominated splitting for the center bundle of f 3 . If E − or E + were hyperbolic, then f 3 could be seen as a partially hyperbolic diffeomorphism with one-dimensional center bundle, and hence f 3 would be known to be approximated by stably ergodic diffeomorphisms, see [19] , [32] .
Assuming that E − nor E + are hyperbolic, we can find points x
Let us call µ 
And let us recall the following: Theorem 5.5 (Ergodic Closing Lemma [4] ). Consider a diffeomorphism f preserving a smooth volume m. Then there is an f -invariant set Σ(f ), the set of well closable points, such that:
(1) µ(Σ(f )) = 1 for any invariant probability measure µ.
(2) For every x ∈ Σ(f ) and ε > 0 there is a
preserving m such that x is a periodic point of g and d(f
, where π g (x) is the period of x with respect to g. By Theorem 5.5, we have that µ + * -a.e. x is well closable, and satisfies λ [15] ). Let f be a diffeomorphism preserving a smooth measure m, p be a periodic point. Assume that B is a conservative ε-perturbation of Df along the orbit of p. Then for every neighborhood V of the orbit of p there is a C 1 -perturbation h ∈ C 1+α preserving m and coinciding with f on the orbit of p and out of V , such that Dh is equal to B on the orbit of p.
If λ + g (p) is close to 0, then Proposition 5.6 allows us to find some C 1 -perturbation which is a C 1+α diffeomorphism preserving m, for which the unstable index of p is u. In an analogous way, we find h and q such that p and q are hyperbolic h-periodic points of unstable indices u and (u + 2) respectively.
We are left to find a periodic point of index (u + 1). Let A = {x : λ So far, we may assume that we have a C 1+α stably accessible partially hyperbolic diffeomorphism f 4 , preserving m, C 1 -close to f , such that f 4 satisfies (C.1), (C.2) and (C.3), and has three hyperbolic periodic points p 0 , p 1 and p 2 of unstable indices u, (u + 1) and (u + 2) respectively. Applying Theorem 3.10 we obtain a C 1 -perturbation f 5 ∈ C 1+α preserving m and having a cs-blender Bl cs (p 1 ) and a cu-blender Bl cu (p 1 ) associated to the analytic continuation of p 1 . This ends the proof of Proposition 5.1.
Proof of Theorem C. Let us define
By hypothesis (C.3), both C + and C − have positive Lebesgue measure. Now, if x is a regular point such that x / ∈ C + , then λ + (x) ≤ 0. Since λ ± (x) are the Lyapunov exponents associated to E ± (x), and E c = E − ⊕ E + is a dominated splitting, we have λ − (x) < 0. So, x ∈ C − . Therefore C + ∪ C − M . Recall that, as we mentioned in Remark 3.8, almost every orbit is dense, since we have (C.1). Therefore, we shall assume without loss of generality that all points in C + and C − are regular, and their orbits are dense. Let us show that C + ⊂ Λ u (p) and C − ⊂ Λ s (p). Then, by hypothesis (C.3), we shall have that m(Λ u (p)) > 0 and m(Λ s (p)) > 0. The criterion established in Theorem A then shows that Λ s (p) Λ u (p) Λ, and the previous comment shows that f is ergodic. We shall afterwards explain how this argument is adapted to show that, in fact, f is stably ergodic.
Let x ∈ C + . Then the unstable Pesin manifold contains a (u + 1)-disk D tangent to E + ⊕ E u . Since each orbit of C + is dense, there is an iterate n > 0 such that x n = f n (x) belongs to the cu-blender Bl cu (p). The disk D n = f n (D) is well placed, but it is not necessarily a (u + 1)-strip, since its size could be not adequate yet. However, since there is uniform expansion along the strong unstable leaves W uu (x), there is an eventual iterate k > 0 such that x k belongs to Bl cu (p) and D k is a (u+1)-strip well placed in Bl cu (p). Therefore, D k W s (p), and hence x k ∈ Λ u (p). Invariance implies x ∈ Λ u (p). In an analogous way, we show that C − ⊂ Λ s (p). Now, let ε > 0 be such that for all g in a C 1 -neighborhood of f , the cu-blender associated with the analytic continuation of p, Bl cu (p g ), contains a ball of radius ε. And consider any g ∈ C 1+α preserving m, so C 1 -close to f that m-almost every orbit of g is ε/2-dense (see Remarks 3.8 and 3.9). We shall see that all such g are ergodic. This proves that f is stably ergodic.
Let us note that g satisfies hypotheses (C.2) and (C. To finish, observe that if x ∈ C + g , then the fact that the orbit of x is ε/2-dense implies that there are arbitrarily large iterates of x belonging to the cu-blender Bl cu (p g ). Proceeding as above, it is now easy to show that x ∈ Λ u (p). In analogous way it follows that C − ⊂ Λ s (p) and hence, g is ergodic.
